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Abstract—  Source localization for the nonlinear
measurement model based on time difference of arrival (TDOA)
measurements remains a vital research area and has been
intensively studied for the past few decades. However, the
localization accuracy decreases significantly as the random
measurement noise becomes large. In addition, when sensors are
mounted on moving platforms like vehicles or aircrafts,
inevitable sensor position errors might pose more severe
challenges on source localization accuracy. This paper proposes
to construct a pseudo-linear measurement model that
introduces both the TDOA measurement noise and the sensor
position error firstly. Next, the constrained total least squares
(CTLS) formulation is presented, and the iterative alternating
direction method of multipliers (ADMM) is employed to solve
the resulting optimization model. Simulation results show that
the proposed method can approach Cramer Rao lower bound
(CRLB) better and outperforms several existing methods when
considering sensor position uncertainties and large TDOA
measurement errors.

Keywords—Source localization, time difference of arrival,
alternating direction methods of multipliers, constrained total
least squares.

I. INTRODUCTION

In recent years, the problem of passive source localization
by a sensor network has drawn considerable attention in the
signal processing community owing to its importance in
numerous applications including wireless communications,
surveillance, navigation, and geophysics [1]-[3].

Various passive localization methods [4]-[9] have been
proposed by using different types of sensor measurements,
including angle of arrival (AOA), time of arrival (TOA), time
difference of arrival (TDOA), frequency difference of arrival
(FDOA), received signal strength (RSS) and a hybrid of these.
Compared with the localization method using TOA, the
TDOA-based source localization has the advantage that there
is no need to synchronize sensor clocks with that of the target
[10].

The TDOA measurement is evaluated by calculating the
differences in arrival times of the source signal at multiple
pairs of sensors. Each TDOA measurement defines a
hyperbolic on which the source must lie, and the position
estimate is given by the intersection of two or more
hyperbolas in ideal conditions. However, the nonlinear
hyperbolic equations become inconsistent as the TDOA
measurements are corrupted by noises, and the hyperbolae no
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longer intersect at a single point. Finding the solution of the
hyperbolic equation is generally not a trivial task due to its
nonlinear and nonconvex nature.

To handle the nonlinearity in the least-squares (LS)
framework, one method is to conduct the local linear
approximation by the Taylor-series expansion [11], which
requires a proper initial guess that are close to the true
solution to avoid local optima. Such a technique can achieve
a maximum likelihood (ML) approximate solution under the
Gaussian measurement noise assumption, but the global
optima is not guaranteed to be obtained. [12] relaxed the
nonconvex ML optimization to a convex optimization
problem via the semidefinite programming. Another
alternative solution is given in closed form [13]-[14], which
reconstructed a pseudo-linear LS by introducing an
intermediate variable. Chan [14] applied two-step weighted
least-squares (TSWLS) to obtain more accurate source
position using the relationship between the source position
and the auxiliary variable, and the corresponding Cramer-
Rao lower bound (CRLB) has been derived. In addition,
many improved versions based on the pseudo-linear LS have
also been proposed, including the constrained weighted least-
squares (CWLS) [15], bias reduction methods [16], the
convex relaxation methods [6], and many others [17]-[19].

The methods mentioned above are with respect to a set of
sensors with exactly known positions, but accurate sensor
positions are not always available in practice [20-22]. There
have been several fundamental problems and corresponding
approaches with sensor position uncertainties, including node
localization of wireless sensor networks (WSNs) [12], sensor
position calibration [23], and target localization in the
presence of sensor position errors (SPE) [24]-[26]. The first
two kinds of problems focus on obtaining more accurate
sensor positions, but the solutions still have estimation errors.
The third kind addressed the source localization problem in
the presence of random small SPE. As shown in [25], source
localization accuracy is extremely sensitive to SPE, which is
reflected by the fact that even small change in SPE can lead
to a significant decrease in the estimation performance of
source position, especially under poor location geometry and
far-field source scenarios. In [24]-[25], source localization
problem in the presence of SPE was constructed in the
framework of linear LS. Similar to [13]-[14], the solution was
performed by the two-step WLS method in closed form or
convex relaxation methods for CWLS [26], where the update



of weights requires the information related to both the
measurement noise and SPE. In addition, the total least
square (TLS) method can achieve a better accuracy than the
ordinary LS when the measurement data are perturbed by
noise [29]- [31]. The constrained total least-squares (CTLS)
method [29] is another well-known iterative approach. Based
on the CTLS technique, an iterative technique in line with
Newton’s method is developed to provide efficient numerical
solutions with a lower computational cost. However, it may
have problems of non-convergence. When the measurement
error is large, the error caused by the squared term also
increases, leading to a reduction in the final localization
accuracy.

The alternating direction method of multipliers (ADMM)
[32] is commonly used to solve optimization problems with
only equational constraints in the presence of two (or more)
optimization variables. The ADMM method performs
separable minimization over different primal variables in
successive steps. Many numerical experiments show that the
ADMM has a slower convergence rate, especially near the
optimal solution [31]. To improve the convergence speed, the
ADMM algorithm can be combined with an optimization
algorithm, such as Newton’s method [33]. In particular, the
convergence of the ADMM is explored by Eckstein and
Bertsekas in [34]. To improve the localization performance
in the presence of SPE and large TDOA measurement errors,
we establish an optimization model in the form of CTLS and
solve it by the ADMM scheme.

Main contributions of this work include:

e taking into account both sensor position errors and
random TDOA measurement errors, construct a
pseudo-linear measurement equation.

e  cstablish the CTLS optimization model and develop the
solution scheme by using ADMM.

e  verify the superior performance of the proposed
method with smaller estimation bias and RMSE.

The rest of this paper is organized as follows: The TDOA-
based measurement model and our assumptions are described
in Section II. The optimization problem in the form of CTLS
is established in Section III-A. In Section III-B, the proposed
ADMM solution to the established CTLS model is detailed.
Simulation results are presented in Section IV to evaluate the
performance of the proposed algorithm and the conclusions
are presented in Section V.

II. TDOA-BASED LOCALIZATION MODEL
Consider a passive localization system consisting of one
target and M sensors S ={s,,s,,....s, } in a two dimensional

(2D) right-handed rectangular coordinate system. It is firstly
assumed that the positions of the observation stations are
known exactly and the coordinates of the ith sensor are

represented by s, = (s,.x,s,.y )T ,i=1,2,---,M , where (u)T is the
transpose operation. The unknown target location is denoted
by x = (x,y)" . Itis assumed that the first sensor is the reference
sensor and r, is the distance from the source to sensor i .

Based on the TDOA measurements, we can obtain the basic
measurement model as follows

=rnen
:\/(x—s[x)2 +(y—s,.y)2 —\/(x—slx)2 +(y—s1y)2, (1)
i=23,-,M,

where 7, denotes the range difference of arrival between
distance r, and 7.

Finding the solution of (1) is generally not a trivial task
due to its non-linear nature. To overcome the difficulty, by
squaring both sides of (1) and introducing the auxiliary
variable, we have

(six _slx)(x_slx)+(siy _sly)(y_sly)"' rr
1 2) 2
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where r U 7 is the auxiliary variable. Collecting all TDOA
measurements, (2) can be formulated in the following matrix

AO=b, 3)
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Now, we remove the assumption that sensor positions are
known exactly [23], [24], and instead model the available
sensor position by

s, =S +As, i=2,3,...,M. 4)

where s, , s) and As, represent the nominal sensor position,

true position and sensor position errors, respectively. The
reference sensor is typically an anchor node, and we assume
that its position is known precisely. In addition, considering
the measurement noise of TDOA, the measurement model
becomes

o= =5+, i=2,3,...,M. )

The matrix form is
AO-b=¢ (6)

where 1, and & are corresponding noise terms.

IITI. PROPOSED SOURCE LOCALIZATION METHOD

For the source localization problem using TDOA shown
in Section II, it can be solved simply by an ordinary LS
estimation, i.e.,

A

6,; =argmin(A0-b)' (A6-b)=(ATA)" A”b. (7)
0

However, the ordinary LS solution in (7) is a coarse one,
since it ignores the noise information as well as the



correlation between source location and the auxiliary variable.

The ordinary LS solution is often used as an initial solution
for other improved localization algorithms. For the WLS
method in [14]-[15], it requires the knowledge of parameters
for the distribution function of TDOA measurement noise,
i.e., the noise covariance matrix. To overcome these
difficulties, we resort to CTLS to solve this problem.

A. Constrained Total Least-Squares Problem

Observing (6), both data matrix A and vector b contain
the TDOA measurement noise and sensor position errors.
Separating out the noise term in the measurement model, we
have

A0—b=(A"+AA)0—(b’+Ab)

(3
=AA0—Ab,
where
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The ith row of the error vector Ab can be obtained by
omitting the quadratic noise term of the following formula

Ab, =(s,—s!) As,—r,Ar, —lAsf As, +1Ar,.f .
2 2

Then, the matrix AA and the vector Ab can be rewritten in
the form related to noise term n_ and ng

AA=[Gng; G,ng G;n ] )
Ab=hng +h,n, (10)
where
n, =[Ar, Ar Ar, T (11)
ng =[As,” As)” As,,"'T
G, = diag(gl)l,gl,z,...,gl’Mfl), g, =[1 0],
G, =diag(g,,.8,,-+8:0 )s 8, =[0 1], (12)
G, =1, ,,
h, = aliag((s2 —5,) . (s,=8,) sooa(5y, =S, )T),
h, =—diag(r,,r;,,.... 11 )- (13)

The residual term of the measurement model can be
condensed into
AAO—ADb =Fn, (14)
where
F=[F, E].n=[n] o]

F, =vG,+v,G,-h,, F,=rG, -h,,

vl [v1 vz]T =[x—s1x y—slyJT.

Thus, we have the following pseudo-linear measurement
model
AO0-b=Fn. (15)

Consequently, the CTLS optimization problem can be
constructed as

min [n]]
s.t. AO—b=Fn, (16)
(VTV)I/z -r=0.

where the second equational constraint considers the
correlation between the source location and the auxiliary
variables.

From (15) , we have n=F'(A0-b) , where

F' =F" (FF )71 is the right pseudoinverse of F . Inserting

the representation of n into the objective function in (16), we
obtain

/(8)=n"n=(A8-b) (FF")" (A0-b). (17)
The original optimization problem can be rewritten as

min f(0)

Vi,V

(18)
s.t. (VTV)I/Z —r=0.

Assuming that there is an initial solution for 0, i.e., the
-1
terms (FFT) can be approximated, then the above

optimization problem is a quadratic programming problem
with equational constraints. For this optimization problem,
the commonly used solvers are TSWLS in [14], and Newton's
iterative algorithm. The TSWLS method requires knowledge
of the distribution function and parameter information of the
measurement noise and is not robust to large measurements
noise. The first-order Newton iterative algorithm relies on the
selection of initial values and has convergence problems.
Second-order Newtonian iterative algorithms such as the
interior point method [17] require strong conditions, which
demand smoothness and convexity of the objective function
and constraints. The use of the interior point method requires
further relaxation and transformation of (18), leading to a
degradation of the estimation performance. In this paper, we
propose an ADMM-based CTLS algorithm.

B. Proposed  CTLS-ADMM  Algorithm  for
Localization with Sensor Position Errors

TDOA

The ADMM algorithm provides a way to transform a
multivariate optimization problem into a series of univariate
optimization problem (i.e., alternating directions). The
process of updating the parameters needs to be combined
with a specific descent class of algorithms, such as gradient
descent algorithms.

Reconstructing (18) in the form of an augmented
Lagrangian function, we have
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L(v,v,,r,y)=(Ay, +A,y, +A3r—b)T (FFT)
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2

(19)
where Ad—-b=A v, +A,v, +A,r—b. The 2-norm function

at the end of the function is a penalty term, which can speed
up the convergence of the algorithm and make the
optimization problem smoother and more stable, where
p >0 is the penalty term parameter.

For a simplified form, if we let u=y/p , then the

augmented Lagrangian function can be written in the
following scaled form

L(vyvy,79) = (A, +A,v, +Ayr—b) (FFT)

(A, +A, v, +A;r—b) (20)
P v P
+ (V') =r+u 2 +E||u||§

The ADMM updates the primal variables (v,,v,,r)and
the Lagrange multiplier « as follows

v = arg minL(vl(k”),vz,r(k),u(k) ),

vy

r* = arg minL(vl(k”),v;k“),r,u(k)), 2n
r
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where the initial solution (vfo) s vgo) 04 ) for the unknown

parameters can be obtained using ordinary LS.
For v, -updated, we perform a Taylor series expansion of
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A necessary condition for the minimum of

L(vl,v(’”

SN ) is that the first-order derivative is zero

AL (v, r®,u®) oy, = 0. It follows from (22) that,
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Then, the update process for v, is
CANE))
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Taking the derivative of (20) with respect to v,, we have

oL af(e) 7 \/? T\ "2
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Taking the derivative of dL/dv, with respect to v, , the
derivative is simplified as follows
2L 0*f(0 -
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By adopting the similar approach, we can obtain the
results of v, -updates and r -updated as

-1

pkn o _[9°L ) oL (30)
: ? o, v

2 2 (v:“”,v‘z“,r(k),u(k))

2 -1
w8 (a L] oL
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For specific derivative calculations for v, and r see the

Appendix. In summary, the ADMM algorithm steps are
illustrated as Algorithm 1.



Algorithm 1: Proposed ADMM-CTLS Algorithm for
TDOA Localization with Sensor Position Errors

1. Initialization: Set the iteration k=0 |,
k... =1000 Obtain the coarse solution
(v 7,7 u®) using LS.

2. For k=0to k,,

Obtain the matrix F using the estimate
(vl(k),vék),r(k),u(k)) from the kth iteration.

3. v, -update: Using (25)-(29) to compute the first-

order and second-order derivatives with respect to
v, and substitute them into the following equation

to obtain v,

2 -1
1 1

(45140 480 )

v, -update is the same as v, -update,

-1
V;kﬂ) _ V;k) _[ azLj oL

(u]‘**”,vﬁ*',r“",u“")
r -update is the same as the v, -update,

-1
k) ) aziL ai
or? or

(vl(hl)’vghl)J(A\’u(k7)
u -update:
1/2
2 = ® +p((v(k+l)TV(k+l)) _r(k+1)).
Terminate when "v("“) - v(")”2 <é.

4. End x=v*" 45,

IV. SIMULATION RESULTS

To verify the effectiveness of the proposed algorithm,
simulations are performed in this section. We apply the
proposed algorithm to two localization scenarios in terms of
different types of errors. The results are compared with the
two-step closed form WLS method considering SPE in [25],
the constrained TLS method in [29] and the improved two-
step constrained TLS method in [31]. Symbols used for the
simulations are as follows: 1) ‘TSWLS-S’ denotes the two-
step weighted least squares algorithm considering sensor
position errors in [25]. 2) ‘CTLS’ denotes the constrained
total least squares method in [29]. 3) “TSCTLS’ denotes the
improved two-step constrained total least squares algorithm
in [31]. 4) ‘Proposed method’ denotes the proposed CTLS-
ADMM described in section I11.

Note that the TSWLS-S method takes into account the
SPE that might affect source localization accuracy, whereas
the CTLS and TSCTLS methods ignore the effect of SPE.
Thus, the TSWLS-S method and the proposed method are
mainly used for performance comparisons.

A. Simulation Settings.

The scenario contains M =5 sensors, and their nominal
positions are given in Table I. The coordinates of the source
are [1200, 800] m. 1000 Monte Carlo simulations are
performed for each test. The localization accuracy is

TABLE 1. POSITION OF THE SENSORS
Sensors 5, (m) 2 (m)
1 0 0
2 160 420
3 340 520
4 580 300
5 780 180

evaluated in terms of the root mean square error (RMSE) and
the bias norm of the source position, which are defined as

RMSE = /iz % —x[ (32)
m =

1 m
Bias = —in -X
m iz

(33)

2

where |, denotes the 2-norm, m is the number of Monte

Carlo runs, X is the position estimate of the source in the ith
test.

For the simulation, both the TDOA measurement error
and the sensor position error are sampled from zero mean
Gaussian white noise. The penalty term coefficient of the
ADMM algorithm is set to p=0.1 and the termination

condition parameter is setto d =107".

B. The Impact of the Measurement Noise

In the scenario of this subsection, we compare the
localization performance of four methods in terms of
different levels of measurement noise. The standard deviation
of TDOA measurements is taken from O ns to 10 ns. The
standard deviation of sensor position errors is set relatively
small and fixed at Im.

Comparison of the RMSE and bias norm with varying
measurement noise is shown in Figs. 1 and 2. From Fig. 1, it
can be observed that the RMSE of all algorithms becomes
larger with the increase in TDOA measurement noise,
whereas the TSWLS-S and the proposed method are clearly
superior to the other two methods. This conclusion can be
justified because the construction process of these two
algorithms takes into account the effect of sensor position
errors on the localization performance. Moreover, the
proposed algorithm almost reaches the corresponding CRLB.
When the TDOA noise gradually increases, the proposed
algorithm haves more robust than the comparative TSWLS-
S.

From Fig. 2, it is obviously seen that when the TDOA
measurement noise is small enough, the bias norm of all
algorithms remains low. However, when the TDOA
measurement noise is larger than 7 ns, the bias norm of the
CTLS and TSCTLS algorithms experiences a sharp increase.
In general, the performance of the proposed method is
superior to that of TSWLS-S and significantly outperforms
both the CTLS and TSCTLS methods.



100 T T T
TSWLS-S

90 cTLS A
—A—TsCTLS
80 —¥— Proposed method
CRLB
70
-.. 60
£ 4
i}
50t 4
&
40 4
3
. //
20
101
o . .
0 2 4 6 8 10
The standard deviation of TDOA (ns)
Fig. 1 RMSE versus TDOA noise
16 1
TSWLS-S
14l CTLS
—A—TSCTLS
—¥— Proposed method
g
]
o
2

The standard deviation of TDOA (ns)
Fig. 2 Bias norm versus TDOA noise

C. The Impact of the Sensor Position error

The above results show that the TSWLS-S algorithm and
proposed method perform well since they consider the sensor
position error. In this subsection, we focus on conduct
performance comparisons between them when changing the
level of sensor location errors. In this scenario, the standard
deviation of the TDOA measurement noise is set to a medium
size of Sns. The standard deviation of the sensor position
error increases gradually from 0 m to 10 m.

Comparisons of the RMSE and bias norm with varying
SPE are shown in Fig. 3-4. We can see from Fig. 3 that the
proposed method outperforms the TSWLS-S algorithm at any
value of SPE with smaller RMSE. Fig.3 also shows that the
proposed method can approach CRLB better. Fig. 4 indicates
that the bias norm of the two methods is relatively close to
each other when the SPE is less than 7m. However, the bias
norm of the comparative TSWLS-S increase faster than the
proposed method as the SPE gets large.

V. CONCLUSION

To address the problem of source localization with sensor
position errors and large measurement errors, the CTLS-
ADMM algorithm using TDOA measurements is presented in
this paper. Simulation results show that the proposed
algorithm is superior to the existing ones, with smaller RMSE
and bias norms.

Future work includes developing robust localization
methods in the presence of both TDOA measurement outliers
and sensor position errors.
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APPENDIX
A. v, -update

Taking the derivative of (20) with respect to v, , we have

;)TL2= 81;5?) +,o((vTv)l/2 —r+u)((VTV)_l/2 vz) . (34)
agie) =247 (FF")" (A0-b)+(A0-b) (~¥P,¥)(A0-b) .
2 (35)
where
%:—\PPZ\P,

_ o(FF") _ o(FFE")

: av, v,

=G,F, +FG,".

Taking the derivative of dL/dv, with respect to v, , the
derivative is simplified as follows
2L 0*f(0 -
8_124:#4_’0(‘,7‘,) R
aVz avz (36)

Pl s () o) )
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o(-¥P,¥ 37
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where
o(-WP,¥
%: (¥P,¥)P,¥-2%(G,G] ) ¥ + VP, (¥P,¥).

2
B. r-update

Taking the derivative of (20) with respect to », we have

L IO ((vrv) = rva).

38
or or (38)

YO) oA (FF) " (A0-b)+(AO-b) (~¥P,W)(AD-b).

/a
(39)
where
a—lP=—‘PP3‘P,
-
Jo(FF") Oo(FFES
P, = (FF")_9(EE, )=G3F2T+F2G3T.
or o,

Taking the derivative of dL/dr with respect to 7, the
derivative is simplified as follows
oL _0°/f(6)
ot o

+p (40)

azf(ﬂ) =2A7 (FFT )71 A, +4A] (-¥P,¥)(A0-Db)

” d(-WP,¥ *h
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where
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